We study a two-dimensional heterostructure comprised of a monolayer of the magnetic insulator chromium triiodide (CrI3) on a superconducting lead (Pb) substrate. Through first-principles computation and a tight-binding model, we demonstrate that charge transfer from the Pb substrate dopes the CrI3 into an effective half-metal, allowing for the onset of a gapless topological superconductivity phase via the proximity effect. This phase, in which there exists a superconducting gap only in part of the Fermi surface, is shown to occur generically in 2D half-metal-superconductor heterostructures which lack two-fold in-plane rotational symmetry. However, a sufficiently large proximity-induced pairing amplitude can bring such a system into a fully-gapped topological superconducting phase. As such, these results are expected to better define the optimal 2D component materials for future proposed TSC heterostructures.
I. INTRODUCTION
Topological superconductivity (TSC) remains one of the most intriguing concepts in modern condensed matter physics, with useful properties such as robust, low-energy edge modes and quasiparticles that exhibit non-Abelian statistics [1] . In recent years, several experiments have displayed evidence of a quasi-1D topological phase in semiconductors such as InAs and InSb in proximity with s-wave superconductors (for a review of nanowire structures see [2] ), Fe ad-atoms on Pb [3] , full-shell wires [4] , and Josephson junctions [5, 6] . However, topological superconductivity in 2D has proven to be more elusive, despite the recent discovery of dozens of 2D materials which could form the basis for layered heterostructures [7] . Successfully producing this novel topological phase of matter could potentially pave the way for nanotechnology applications and quantum computation.
One promising theoretical proposal for realizing a TSC phase involves a half-metal (HM), a metal with only one spin component at the Fermi energy due to a strong exchange field, in proximity with a s-wave superconductor substrate (described in 1D by [8] and in 2D by [9, 10] ). Strong Rashba spin-orbit coupling (SOC) in the substrate, or another source of effective spin-flip hopping between the HM and superconductor, is additionally necessary, as we show in Sec. II.
Our goal is to design a 2D heterostructure of this type, making use of the specific band structures of currentlyrealizable materials. We chose lead (Pb), a material with large SOC interactions, as the substrate, and CrI 3 as the half-metal. Although monolayer CrI 3 is an insulator [11] , we demonstrate with a first-principles calculation that half-metallicity can be induced via charge transfer from the Pb side to the CrI 3 side (Sec. III). The presence of topological edge modes requires an odd number of effectively spinless bands at the Fermi energy [12] ; following the charge transfer, our computation shows that a single, spin-polarized band from the CrI 3 intersects the Fermi energy.
Since the first-principles density functional theory (DFT) simulation does not support superconductivity, we examine the effects of superconductivity in a twostep process. First, we create a tight-binding model that captures the salient features of the first-principles results (Sec. IV). Then, we extend this model to include the superconductivity of the Pb substrate via the addition of a phenomenological pair potential ∆ using the Bogoliubovde-Gennes (BdG) formalism. (Sec. IV A).
When we add superconductivity in this way, we observe that, rather than forming a fully-gapped TSC phase, this system will induce topological gaps only in small regions of its Fermi surface. This realizes the gapless TSC phase described in [13, 14] , characterized by topological edge modes coexisting with bulk states.
The phase arises due to a property shared by the majority of magnetic monolayers discovered so far -an absence of C 2 symmetry (symmetry under 180 • in-plane rotation). Without this symmetry, electrons with wave vector k do not have a partner state at the same energy at −k with which to form a superconducting pair (see Figs. 1 and 4). Since this symmetry is rare in known monolayers, these results are expected to be applicable to a broad class of heterostructures.
II. THEORY
Here, we discuss the theoretical framework in which we expect the interface between Pb and CrI 3 to allow for a TSC phase. We define our system in terms of the creation operators c † ks , with momentum k = (k x , k y ) and spin s, of a single hybrid band that crosses the Fermi energy, composed of states lying primarily within the interface between the two materials.
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Here, the surface of the superconductor and the 2D half-metal monolayer coupled to it both contribute terms to the hybrid system Hamiltonian via proximity. H 0 describes a single effective spinful band with dispersion k and chemical potential µ. ∆ is an effective s-wave pair potential at the surface, which we take to be on-site (constant in momentum-space). The half-metal contains a large exchange potential J, causing the band to become strongly spin-polarized (σ i represent Pauli matrices in the spin degree of freedom), where the spin quantization axis is perpendicular to the surface. A Rashba-type spin-orbit interaction [15] with magnitude α is additionally allowed since the joining of the two surfaces breaks mirror symmetry along the out-of-plane direction (M z ).
Topological superconductivity requires that oppositemomentum states of a single band at the Fermi energy be paired by ∆; the above Hamiltonian accomplishes this by gapping out one of the spin bands through the halfmetal's large exchange interaction. Though the remaining band contains only spin-up states, SOC interactions (α) cause them to take on a small in-plane component, of order α/J. Since, for this particular type of spin texture, states at opposite momenta have opposite in-plane spins, they can be coupled by the ∆ term in Eq. 1. The resulting effective p-wave pair potential scales as∆ ∼ α J ∆. This framework characterizes the important features of the Pb-CrI 3 interface system: a large exchange potential, which originates in the CrI 3 monolayer, SOC from both materials, and superconductivity from the Pb substrate. Crucially, we find via DFT (see Sec. III) that charge transfer from the Pb to the CrI 3 raises the Fermi energy, causing the CrI 3 to change from a ferromagnetic insulator to an effective half-metal. Formally, the first conducting band above the gap now crosses the Fermi energy.
As we will see in Sec. III, due to symmetry breaking when the Pb is brought into contact with the CrI 3 , the dispersion becomes inversion-asymmetric. In general, when k = -k , then the superconducting gap may be misaligned with the Fermi energy, leading to gapless superconductivity. We illustrate this with a simple parabolic dispersion in Fig. 1b . Though such systems are not fully gapped, they may still exhibit nontrivial topology, as we show in Sec. V. In this case, topological edge modes cease to be fully protected from disorder (since there are nearby bulk states at the same energy for them to scatter to), but they do not disappear altogether.
III. FIRST-PRINCIPLES CALCULATION
In this section, we describe the first-principles calculation that is used to derive the band structure of the hybrid system, which will be used as the basis for a tight-binding model in proximity to superconductivity. Our simulations made use of density functional theory (DFT), employing the Vienna Ab-initio Simulation Package (VASP) [16, 17] with Generalized Gradient Approximation (GGA) functionals [18] .
A 2-by-2 super-cell of the Pb (111) plane has a closelymatching lattice constant (1.4% larger) to the primitive unit cell of CrI 3 . Thus, we constructed the interface from a CrI 3 monolayer on top of the (111) surface of a slab of Pb, assuming that the monolayer would expand to match the lattice constant of the substrate. We carefully tested 13 to 31 atomic layers of Pb and obtained qualitatively the same results for the band structure. The DFT results shown in Figs. 3-5 are based on a 13-layer-thick slab.
All band structure calculations were preceded by ionic relaxation, in which the surface monolayer and substrate bonded in the manner shown in Fig. 2b . In this step, we optimized the position of the Cr and I atoms while fixing the Pb atoms in place to simulate that a monolayer bonds to a half-infinite Pb substrate. The calculations also included SOC interactions in all materials.
In the band structure, contact with the Pb surface causes the CrI 3 bands to hybridize with the superimposed Pb bands, as shown on the right-hand side of Fig.  3a . Despite the strong hybridization, we can still identify the dispersion of CrI 3 conduction bands from the background of Pb states.
A salient feature is that the lowest CrI 3 conduction band becomes partially doped by electrons transferred from the metal substrate, raising the Fermi energy. Charge density maps suggest that electrons from the Pb are drawn to the surface when the materials are coupled ( Fig. 2c ) due to a difference in the work function between the materials. As shown in Fig. 3b , even though a monolayer of CrI 3 in isolation is an insulating ferromagnet, the Fermi energy of the interface system lies above the CrI 3 insulating gap (shaded region). This results in a single conducting pocket for CrI 3 .
Changing the number of Pb layers does not change this general conclusion; the Fermi energy varied by approximately ±10 meV between different Pb slabs relative to the CrI 3 bands, but was an average of about 30 meV above the bottom of the lowest monolayer band. In this way, we have shown that charge transfer can in principle be employed to achieve the proposed half-metalsuperconductor hybrid system TSC without an intrinsic half-metal.
Crucially, the distortion to the Fermi surface from coupling with the Pb also reduces the symmetry, as shown in Fig. 4 (to provide a basis of comparison, Fig. 4a shows the Fermi surface at the same energy above the bottom of its band as in the interface case). This is due to the fact that CrI 3 in isolation has inversion symmetry, but this is broken by the presence of Pb atoms in only the −z half-space.
This symmetry breaking is a generic feature of 2D magnetic heterostructures where one of the layers breaks two-fold in-plane rotational symmetry (C 2 ). This is because the only symmetries that protect ε n (k) = ε n (−k) are time-reversal, inversion, and C 2 , but the magnetic moment of the half-metal breaks time-reversal and the layering along the z-axis breaks inversion. As a consequence, not all bulk states at the Fermi energy can pair when a superconducting pair potential is introduced to the system. As we will see in Sec. V, this is directly responsible for the gapless TSC phase. Figures 5a and 5b show the in-plane spin texture of isolated CrI 3 and the interface, respectively, calculated using DFT. Again, the Fermi energy of the isolated case is shifted to the same energy above the bottom of the band as in the interface case. For clarity, in the interface case, we only plot states with a projection to the Cr and I atoms greater than 50%, then impose an additional cutoff in in-plane spin magnitude that removes the smallest 40% of vectors out of those remaining. In both cases, the in-plane spin components are approximately 2 orders of magnitude smaller than the out-of-plane component, which is spin-up (not plotted). The isolated CrI 3 spin texture is inversion-symmetric, as expected, causing opposite-momentum states to have the same spin vectors.
Since pairing interactions couple opposite spin components of opposite-momentum states, we require an ad- ditional Rashba term. This term is allowed due to inversion breaking in the interface system. However, the spin texture in 5b is largely dominated by the inversionpreserving texture, as can be seen by its winding number of -2 rather than 1. This small magnitude of Rashba interactions will ultimately limit the size of the effective superconducting gap.
IV. TIGHT-BINDING MODEL
Here, we form a tight-binding model that reflects the band structure of the heterostructure. States in the relevant bands are tightly-bound to surface Cr atoms, and thus it suffices to consider on-site and nearest-neighbor resulting in Fig. 5d are detailed in Table I (in Appendix A) and used throughout the remainder of this work.
A. Model with Superconductivity
We add superconductivity to this model by including a phenomenological pair potential ∆ using the BdG formalism. We assume that the Pb contributes an s-wave pairing potential that affects only opposite spins on the same site and in the same orbital (in Appendix B, we extend this model to allow for the possibility of samespin pairing interactions arising at the surface of the SC substrate). This results in the following 16-band Hamiltonian:
Here, λ i , σ j , and ω k are Pauli matrices in the sublattice, spin, and orbital degrees of freedom, respectively. The 8-band Hamiltonian in the absence of superconductivity is parametrized by the momentum-dependent terms H ijk (k) of our tight-binding model.
V. RESULTS
We apply our model to indicate the behavior of the interface system when the Pb is made to superconduct. As shown in the modeled Fermi surface at low energies ( Fig. 6a ), when we add superconductivity to the case where inversion symmetry is broken by the Pb substrate, the intersection of the lowest band and its particlehole conjugate band oscillates above and below the zeroenergy plane. For proximity-induced effective pairing∆ less than the amplitude of this oscillation, the system is IV) . Tight-binding coefficients were chosen to match qualitatively the CrI3 spin texture shown in (a) (reproducing the shape and size of the band and the magnitudes and directions of the spin vectors). (d) Modeled in-plane spin texture with coefficients chosen to qualitatively match the interface texture in (b). It is a superposition of two spin textures, the in-plane texture of isolated CrI3, which winds twice when traced around the Fermi pocket,and the desired Rashba spin texture (inset), which winds once.
not fully gapped. Rather, it is only gapped near the 6 band crossings of the two triangular Fermi curves (red circles in Fig. 6b ).
Despite not being fully gapped, this system still displays topological features. We demonstrate this in Fig. 7a , where we simulate a half-infinite plane using the method of [19] for various values of∆, the effective superconducting gap width. We start by considering a version of this model with an unrealistically large superconducting gap such that there are no bulk states at the Fermi energy (top-left of Fig. 7a ). As expected from a fully- gapped TSC, this system supports chiral edge states. As the gap size is decreased to realistic values, the edge states remain, though they are now accompanied by bulk states at the Fermi energy. These edge states, which can be seen in the density of states plot (Fig. 7a) , appear only on the system edge, and only for nonzero∆.
Since the spins at opposite momenta point contain only a small component (∼ 1%) pointing in opposite directions, the effective superconducting gap is two orders of magnitude smaller than ∆, the pair potential in the Pb substrate. For this reason, only the bottom-right plot in Fig. 7a is realistic.
However, even at realistic values of∆, these topological edge modes are present. Though they are not visible in the heatmap when the system is modeled realistically, they result in a slight (order 1%) trough in the density of states in a small section of the Fermi surface (Fig. 7b ). This signature, which arises from a Fano-like resonance between the discrete edge modes and the bulk continuum [20], is expected to be present in the Pb-CrI 3 interface.
For the gapped TSC phase to exist in a hybrid system, its effective pairing would need to be comparable to the energy scale of its in-plane C 2 -breaking terms. However, the former is a superconducting energy, on the order of k B T c ∼ 10 −1 − 10 0 meV (where k B is Boltzmann's constant and T c is the critical temperature of the superconductor). Meanwhile, the latter is a band structure feature, and as such is typically on the order of 10 1 − 10 3 meV. Thus, topological phases in HM-SC interfaces will typically be gapless unless the HM is symmetric under in-plane C 2 , forcing the latter terms to vanish.
VI. CONCLUSION
We have demonstrated the existence of a gapless topological superconducting phase in a Pb-CrI 3 interface, and, more broadly, in similar 2D systems that do not have an in-plane C 2 symmetry. As a consequence, our finding identifies a significant restriction on the magnetic monolayers that may host a fully-gapped TSC where topologically-protected Majorana zero modes may be measured. Very few magnetic monolayers that do not break C 2 symmetry have been found as of yet; thus, this study motivates the search for 2D magnetic materials with this symmetry, such as rectangular-lattice monolayers.
In addition, the possibility of inducing a ferromagnetic insulator to become a half-metal via charge transfer vastly expands the number of potential hybrid TSC candidate materials. Insulators with spin-polarized bands represent a promising direction in realizing topological superconductivity, both gapped and gapless. Orbitals are with respect to the iodine basis, so the relevant orbitals for this system are d (x ) 2 −(y ) 2 and d (z ) 2 . Though the iodine atoms do not form perfectly orthogonal axes after ionic relaxation, this effect is not large enough to be relevant to the model. orbitals are defined with respect to a basis formed by vectors that extend from chromium atoms to adjacent iodine atoms (see Fig. 8 ), but all other coordinates mentioned here are in the lab basis.
The most general-possible tight-binding Hamiltonian up to nearest-neighbor interactions has the form
Here, H OS represents on-site terms, while each hopping matrix T α corresponds to one of the momentum vectors δ α that takes a state on an A site to an adjacent B site. The Pauli z-matrix λ 3 in the sublattice degree of freedom is required to preserve Hermiticity. Generally, the 8 × 8
Hermitian hopping matrix T α has the form
where the lattice, spin, and orbital degrees of freedom are acted upon by the matrices λ i , σ j , and ω k , respectively. The symbols λ 0 , σ 0 , and ω 0 denote 2×2 identity matrices in these degrees of freedom, while indices of 1 through 3 each denote the corresponding Pauli matrices. Before the CrI 3 is brought into contact with the Pb, breaking M z (mirror symmetry along the direction perpendicular to the plane), the system has 3 discrete symmetries, each of which can be written as a matrix operator (times the complex conjugation operator K for the case of anti-unitary symmetries):
Here, T is time-reversal, C 3 is a 120-degree counterclockwise rotation about a hexagon center, and M i is a mirror symmetry in the x i direction about a hexagon center. Note that the product of the first two symmetries is M x M y M z = P , confirming that isolated CrI 3 is inversion-symmetric. Since C 3 T 1 C 3 = T 2 and C 3 T 2 C 3 = T 3 , there is a relation between the coefficients t α ijk , allowing us to express the full Hamiltonian in terms of t 1 ijk . Of these, we set to zero all the terms that change sign under M x T and M y M z T , so that the symmetries in Eq. (A3) are conserved. This reduces the set of nonzero parameters to 10:
If the Pb substrate is present, then the M y M z T symmetry is broken [21] , and fewer coefficients are forced to vanish. This contributes 10 additional terms:
Thus, the most general Hamiltonian that respects the symmetries of the system is TABLE I. Parameters used in the simplified tight-binding model. All parameters in H not listed here were set to zero. The conceptual advantage of this model is demonstrated by the fact that, apart from the inversion-preserving hopping parameters that determine the shape of the relevant band, each qualitative feature of the band structure is described by only 1 term.
Parameter Description
Symbol Value (meV) 
For ease of interpretation, rather than performing a fit across the full parameter space, we choose a minimal number of terms to reproduce qualitative features of the band structure, and set the rest to 0. The coefficients t 1 100 , t 1 102 , t 1 103 , t 1 130 , and t 1 133 contribute the inversion-preserving elements of the band shape, since they are invariant under M y M z T , while the single coefficient t 1 202 breaks inversion, reducing the rotational symmetry from 6-fold to 3-fold. The inversion-symmetric spin coefficient t 1 111 determines the magnitude of the inplane spin texture that winds twice around the Fermi surface. Similarly, t 1 211 determines the magnitude of its inversion-breaking equivalent, the in-plane Rashba texture.
The values of these nearest-neighbor coefficients, as well as the on-site chemical potential µ and exchange field J, were determined by qualitatively matching the band structure to that given by DFT. The on-site pairing amplitude ∆ was assumed to be of the same order as that of isolated Pb, which is ∼ 1 meV. Values given to the nonzero parameters in this work are summarized in Table I .
Appendix B: Model with Same-Spin Pairing
In this Appendix, we consider the effect of intrinsic same-spin pairing in the SC substrate on our model. Such pairing, which couples states in the same out-ofplane spin direction rather than states of opposite spin, may arise at the Pb substrate surface as part of a triplet superconducting term [22, 23] . Its presence would be significant since the relevant states in our model all have a large out-of-plane spin component in the same direction, allowing them to be paired with a strength independent of the in-plane spin rotation. Thus, it bypasses the factor of ∼ 10 −2 that suppresses the interface's effective pairing amplitude, discussed in the beginning of Sec. V.
Fermion anticommutativity requires that same-spin pairing is antisymmetric in momentum space. The simplest C 3 -symmetric tight-binding term which accomplishes this is the next-nearest neighbor term ∆ p 6 6 β=1 [(a β ) y − i(a β ) x ]e i(a β ·k) λ 0 σ 0 ω 0 τ 1 ,
FIG. 9. Band structure near the Fermi Energy (E = 0) of the modeled Pb-CrI3 Hamiltonian with an added same-spinpairing ∆p term. Here, ∆p = 1 meV. Note that the separation between the particle and hole bands at any given momentum is significantly larger than that for a ∆ = 1 meV s-wave pairing interaction (Fig. 6a) .
where the vectors a β connect sites in the A (B) sublattice to all next-nearest neighboring A (B) sublattice sites.
Here, τ i is a Pauli matrix in the particle-hole Nambu space. The factor of 1 6 normalizes the tunneling gap to ∆ p .
When we add this term to our Hamiltonian from Eq. (2), implicitly assuming a proximity effect, we find, as expected, that the size of the gap is of the same order as ∆ p . However, this is still not sufficient to fully gap the system unless the magnitude of ∆ p is comparable to the energy scale of the C 2 -breaking terms of H, the largest of which are tens of meV in magnitude. Same-spin pair potentials of this scale are highly unlikely to exist in nature, even assuming no loss of pairing strength from proximity, since they would be larger than the s-wave terms of the same substrate. Figure 9 shows the band structure with the addition of a same-spin pairing term ∆ p = 1 meV (the s-wave pairing term ∆ is set to 0, but in the case of finite ∆, they would combine additively to determine the separation between the bands). In direct analogy with the results from Sec. V, we expect that for realistic values of ∆ p , we obtain a gapless topological phase with an enhancement of the resonance features near the Fermi energy. Since the effects of the ∆ p term are 2 orders of magnitude stronger than the corresponding s-wave term, even a small contribution could have relatively large effects on the system's edge states.
Thus, we conclude that while intrinsic same-spin pairing in the substrate would not affect the phase of the system, it may enable its topological features to be more readily detected.
